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Direct High-Speed Interception: Analytic Solutions,
Qualitative Analysis, and Applications

Yuri Ulybyshev*
Rocket-Space Corporation “Energia,” 141070, Korolev, Russia

Trajectories for high-speed interception in a thin spherical shell of an inverse-square central gravity field are
considered. The solutions are obtained for the problem of exoatmospheric flight, open time intercept of a nonma-
neuvering target in an orbit during free-flight phase. The fixed-fuel interceptor is assumed to have the capability
of generating fixed magnitude thrust or a specific impulsive velocity change. A closed-form solution for the control
law is derived. The thrust direction is a linear function of the relative states between the interceptor and target
and a nonlinear function of the transfer time. This transfer time is obtained as an analytic solution to a quadratic
equation. First- and second-order methods are developed. A qualitative analysis and a descriptive geometric inter-
pretation of a space interception are considered. The results show that the optimal guidance law for the boost phase
of aninterceptor is the well-known constant bearing course relative to the target. Descriptive existence conditions of
trajectories for a fixed-fuel interceptor are derived and a computation method to determine the reachable domain,
that is, the boundary set of initial positions of the interceptor and target, is developed. Numerical examples of an
asteroid interception and satellite interception are presented.

Nomenclature

a = initial thrust acceleration; Eq. (1)

a; = polynomial approximation of §r for free-flight
phase; Eq. (B3)

b; = polynomial approximation of §r for boost phase;
Eq. (C2)

C,,C, = constants; Eq. (42)

D = discriminant

e = unit vector of thrust direction

H = Hamiltonian function

m = specific fuel usage rate

0,0, = perturbed terms; Egs. (30) and (31)

r = radius

r = radius vector

T = mean radius of thin spherical shell

S, S, = perturbed terms; Egs. (30) and (31)

t = time

1 = minimal range time in an inverse-square
gravity field

| % = velocity vector, km/s

W,, W, = scaled distance and velocity changes for
homogeneous central gravity field; Eq. (A7)

0 = zero vector

o, 3,7, v = constantvectors

Al = inclination angle interceptor orbital plane;
see Fig. 9

Atf = tf - tk

AV = specific impulsive velocity change, km/s

or = r—r,

8ty = relative displacement of minimal range time,
(ty — t}.)/t}.

8/0min = Pmin /,00

0 = angle between vectors V and p

A = adjoint vector; Eq. (11)

" = gravitational constant of central body

0 = relative distance between interceptor and target

p = relative position vector

Pmin = minimal range in an inverse-square gravity field
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© = interceptor or target position angle; see Fig. 9
w = mean motion of circular orbit with radius of 7, ;
Eq. (5)
Subscripts
F = final
G = gravity term
1 = interceptor
K = end of boost phase
T = target
Vv = velocity
0 = initial
o = range
Superscript
T = transposition
Introduction

TOPIC of classicalinterestin astrodynamicsis the interception

problem, that is, the determinationof a collision trajectory be-
tween two vehicles (an interceptorand a target) in space. This prob-
lem has been extensively analyzed in the published literature.! '3
A survey of the earliest works is given by Gobetz and Doll.! Re-
cent works can be found in the Refs. 7-14. For ease of discus-
sion these numerous possible methods for solving the interception
problem may be categorized in accordance with the gravitational
model adopted in each: 1) nongravity model,>* 2) constant grav-
ity field,>"*'> 3) homogeneous central gravity field,’ 4) linearized
Clohessy-Wiltshire'® gravity field,>® and 5) well-known inverse-
square central gravity field.>”-%1° For each method there is an ap-
plication area in terms of the transfer orbit type and transfer angle.
Figure 1 is a schematic distribution of the application areas for the
cited gravity models.

In the present paper, we consider the high-speed, fixed-fuel inter-
ception problem in a thin spherical shell of an inverse-square cen-
tral gravity field. In this case, a homogeneous central gravity field
model>!"~! can be used. This field is a simpler model in which
gravitational acceleration vector is linear with radius vector.

Previous investigators have obtained solutions that are based on
an impulsive thrust approximation. In the case of a direct-ascent
interception, the boost-phase time is comparable with the transfer
time, and the thrust impulsive approximation is not always appli-
cable. As a rule, the solution to the interception problem for an
inverse-square gravity field, for example, in the form of an iterative
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Fig. 1 Schematic diagram for application of gravity field models.

solution of Lambert’s problem (see Refs. 6 and 14), is still some-
what complicated. In the case of a homogeneous central gravity
field model, the time-optimal solution can be found in closed form
for fuel-fixed boost-glide intercept. For these reasons, a simpler,
approximate model is useful. In this paper, we derive, analyze, and
apply ahomogeneouscentral gravity field model that approximately
describesthe motionof an interceptorto a target. There are anumber
applications of this theory, including close-range asteroid intercep-
tion, space interception, etc.

The complexities of performing an intercept in space are such
that an analytical qualitative study is difficult to accomplish. Quali-
tative analyses and geometric interpretations were presented for the
inverse-square central gravity field.'">?*?! Cochran and Haynes!'’
derived a guidance law for exoatmospheric intercept with an im-
pulsive change constraintthat is reasonable for solid rocket boosted
interceptors. The problem of determining attainable regions for a
single-impulse transfer from a given initial Keplerian elliptical or-
bit has been considered by Kirpichnikov?® Vinh et al.'? introduced
the concept of the reachable domain, which is the set of points at-
tainable at a given time by a free-flying interceptor using a fuel
potential represented by a total characteristic velocity. They also
considered possible applications of this concept. The well-known
inverse-square central gravity field is a model with good accuracy
for solution of the interception problem. However, only limited ex-
plicit solutions and descriptive geometric interpretations have been
obtained for this model. Here we present a qualitative analysis and
geometricinterpretationof the interceptionproblem during the free-
flight phase of an interceptor and find a method for explicit compu-
tation of reachable domains.

Cochran and Haynes'® designed a similar technique for energy-
limited impulsive interception for specified final position in an
inverse-square gravity field based on an iterative procedure includ-
ing the solution of a quartic equation. An analysis and solutions of
optimal intercepttrajectoriesin a homogeneouscentral gravity field
with controlled thrust acceleration are presented in Ref. 3.

The major differences in the present problem and the preceding
ones are 1) equations of relative motion between the interceptorand
target are considered;2) the final position, that is, intercept point, is
not specified; 3) the transfer time is free; 4) a general solution for a
variable mass interceptor with fixed thrust magnitudeis derived; and
5) explicitexistence conditions, that is, the energetic attainability of
the target, are presented.

Analytic Solutions
Equations of Relative Motion
The equations of motion of the interceptor and nonmaneuvering
target in an Earth-central inertial frame can be written as

V) = —(ur, /r}) +ae)/(1 — ) 1)
=V, )

Ve = —(ure [13) 3)
Fr=Vr )

where the control e(?) is a unit vector. We assume that the transfer
occurs in a thin spherical shell of an inverse-square central gravity
field. By this means, the function /73 () may be expanded in a
series about a reference value w?> = p/r3:

w/r ~ w’(1 —38r/r,) 5)

The equations of relative motion in terms of relative position
p=rr —r; and relative velocity V =V, — V; then are as follows:

V=—wp—ae)/(1 —mt)+ (3 [r,) Sryry — 7)) (6)

p=V 7)

First-Order Methods for Interception During
Boost-Phase Interception

The following equations shall be used to model the first-order
dynamics:

V =—w’p —ae(t)/(1 — mt) (8a)
p=V (8b)

These equations have the form of a harmonic oscillator without
damping, but with an applied force (thrust). It is well known that
the solution for such harmonic oscillator can be written as

p(t) = (Vy/w)sinwt + p, cos wt (9a)
V(t) = Vycoswt — pyw sinwt (9b)

An optimal control formulation of the problem can be stated as
follows. Find the control law e(#) that minimize the flight time
t; to go from prescribed initial conditions p, and V), to the final
conditions

plty) =0, V(t;) is free (10)
The variational Hamiltonian® is
H = X[’ p—aet)/(1 —mt)] + A}V (11)

The optimal control law may be determined from the Pontryagin’s
minimum principle? It is given by

e Ay (1) (12)

The Euler-Lagrange equations are

: oH
Av=—0 ==X, (13)
. H
Ap = _E;_p = Q)ZAV (14)

These equations are easily integrated to yield for A,:
Ay (1) = v sinwt + v cos wt (15)

For the interceptiontrajectories, the final value of relative velocity
V(t f ) is unspecified. Because the terminal constraints do not depend
on the final velocity, satisfactionof the necessary conditionsrequires
a zero boundary condition for the adjoint vector associated with the
velocity, which is equivalentto a zero value,

Ay (t;) = ysinwt; +vcoswt, =0 (16)
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It follows that the vectors -y and v are collinear vectors. Thus, X, is
a constant direction vector. Therefore, the optimal control law must
be given by a constant unit vector e. Note that an optimal control
problem with constant thrust magnitude of a variable mass intercep-
tor is considered. To our knowledge, the first solution to a similar
optimal interception problem with continuous finite thrust acceler-
ation is given by Kouzmak and Braude.!® The analytic solution of
Eqgs. (8) for constant thrust direction is presented in Appendix A.
Substitution from Eq. (10) into Eq. (A5) yields

Vosinwt; + pywcoswt; + W,(t;)e =0 17)

where W, is a scaled distance of the interceptor depending on the
thrust force. Because |e| = 1, we have

Vg sin® ot 4 2V{ pywsinwt; cos oty 4+ piw’ cos” wty = W (1)
(18)

which is a transcendental equation for 7,. The expression for the
control law can be written as
Vo sinwt; + pyw coswt

= 19
e Wi, (19)

First-Order Method for Interception During Free-Flight Phase
Consider the minimum-time interception during the free-flight

phase of the fixed-fuel interceptor. From Eq. (10) may be found the

constraint relation for state vector at the end of the boost phase:

pty) = (Vi/w)sinwAt; + p, coswAt; =0 (20)

where Aty =1, —f; and
pi = (Vo/w) sinwt, + pycoswty + (W, /w)e (21)
Vi = Vycosoty — pywsinwt, + Wye 22)

From )\, being a constant direction vector, it follows that e is also a
constant unit vector. We may define

Pre = (Vo/w) sinwt, + p, coswh; (23)
Vie = Vo coswty — pyw sin iy (24)

and express Egs. (21) and (22) more compactly as functions of e.
Therefore,

Pr = Pig T+ (Wi /w)e (25)
Vk = ng + vae (26)

Substituting these results for p, and V; in Eq. (20) yields

Vig sinwAty + p,wcoswAty

+e[Wy sinwAt; + Wy coswAt;] =0 27)

Similar to the preceding section, because |e| = 1, the last equation
simplifies to

(szg - WUZ) tan® wAt; + 2(V,(Tgpkga) — Wy ka) tanwAfr,

W) =0 (28)

which is a quadratic equation for tan wAf,.

For the impulsive interception (i.e., W, = AV, W, =0, V,, =
Vo, Pry = py» and Aty =), we have a simple two-point boundary-
value problem without an optimization of the velocity change di-
rection. The boundary-value problem is then the following: Given
the initial relative position p, and velocity Vj, the desired relative
position p(f;) = 0 and the specified impulsive velocity change AV,
determine the orbit that satisfies these conditions. In a sense, it is
a modified Lambert’s problem in which the specified transfer time
t; is replaced by a specified impulsive velocity change AV'. In this
case, Eq. (28) is greatly simplified. The distinction between the re-
sult presented result here and the approachin Ref. 10 is an explicit

+ (,Okzga)2 —

solution of the interception problem with specified impulsive veloc-
ity change AV.

The negative roots represent mathematically possible solutions
for homogeneous central gravity field because they give solutions
with m/2 < wAt; <.

The expression for the thrust direction can be written as

Vie tanwAt s + p,, @
= — kg f T Pig (29)
va tan a)Atf + ka

Second-Order Method for Interception During Free-Flight Phase

For second-order method based on Egs. (6) and (7), we will be
use a constant unit vector of the thrust direction as a near-optimal
control law. The solutions of these equations for the constant thrust
direction are given in Appendices B and C in the following form:

p) =[Vo/o + Q,(1)]sinwt
+po+Q,()]coswt +{[W,(t) + S,()]/w}e (30)
V() =1[Vy+ Q,(t)w] cos wt

—[py+ 0, ]wsinwt + [W,(t) + S,(t)]e (31)

where Q, (1), Q,(t), S,(t), and S, (t) are perturbed terms.

The second-order method for free-flight phase interception con-
sists of an expressionof the perturbed terms by approximate values,
which are calculated along the first-order trajectory:

Pl = [Vo/o + Q3,0 ] sinwr,
+ [Po + Q;a(tk)] cos wty + Q:(At}) (32)
Vi, = [Vo + @}, ()] cos v,

—[po + @3, (0 |wsinwrt, + @ (Ar}) (33)

where Atl is the first-order solution and satisfies the quadratic
equation (28) for p;, and Vi, and W, =W, + 5,() and W, =
W, + S, (). The thrust direction is computed from Eq. (29).

Numerical experiments show that the second-ordermethod gives
reasonably accurate results for the transfer angle less than /2.
Numerical examples are given in the last section.

Qualitative Analysis of Interception Trajectories
Properties of Interception Trajectories
It is evident that the motion of the interceptor and target during
the free-flight phase occurs in a plane that is formed by vectors p,
and V;:

p(t) = asinwt + B coswt (34)

Without loss of generality, by a rotation of the coordinate axes this
equation can be reduced to the following two-dimensional forms:

P} = of sinwt + B coswt (35)
p; = o, sinwt + B coswt (36)

After eliminating of the trigonometrical terms, we have a positive
definite quadratic form

(@01 —aips)” + (Bint +pif7) = (Bles — Bia})” (37)

If (Bfa; — By} =0), then equations
ooy —aip, =0 (38)
By —Bips =0 (39)
describe a straightline. Thus, the vector p(¢) or the line of sight re-
mains constantin an inertial frame. It is a well-known guidance law

for collision course thatis a limiting case of proportionalnavigation
and called the constant bearing navigation 22
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Phase Portrait and Energy Integral for Relative Motion
Squaring of Eq. (9a), differentiating thrice, and eliminating the
trigonometric terms gives

bo+3pp+40’pp =0 (40)

Suppose that y(p) = 0%(p). After substitution, we have a second-
order differential equation

ey d
2 432

,Od—lo2 d,O +8a)2,0 =0 (41)

which may be integrated to give?

P2 =C + Crp~? — *p? (42a)

where
C =VZ2+plo® (42b)
C, = —pf V72sin®6; (42¢)

In general case, this solution describes a closed curve that is sym-
metrical with respect to the p axis (Fig. 2a). For the extreme values
of p, that is, the points with p =0, we have a biquadratic equation

oot = (V2 +0™00) 0 + Vi sin’ 6, =0 (43)

2 _
P12 =

[(Vﬁ + plo?) £ \/(sz + p2e?)’ — 4w p2 V2 sin® 6, /2w2]
(44)

Note that all of the roots are nonnegative because for the ex-
treme value of sin’f; =1 the discriminant is a square, D =
(V2 — pfw?)? > 0. For a collision course, that is, 6; = 7 (Fig. 2b),
Eq. (44) can be written as

Pmax = 4/ sz/wz + /0135 Pmin = 0 (45)
and when 6, = /2, it is
o1 =Vi/ow, P2 = P& (46)
p

Pmin

Pmax

\_—‘/ p
a) General case

—
IS

b) Collision course

Fig. 2 Phase portrait.

For the sum squares of p(¢) and V(¢), we obtain
V() + p*(Hw® = V2 + p}w* = q = const (47)

For relative motion, we can identity V() as the kinetic energy per
unit mass and p?(f)w? as the potential energy. Thus, as in inverse-
square orbital motion, the quantity ¢ can be called the total en-
ergy constant of relative motion. It is evident that the final collision
velocity between the interceptorand target is

Vi =g =+ V2+ pia? (48)

Geometric Interpretation of Solutions

As already mentioned, the collisioncourserequired collinear vec-
torsof V; and p,. We considera case with 6, > 7 /2 and |V, | > W,,.
Figure 3 shows the vectors p,, and Vi, and two circles centered
at A and B havingradii W, /w and W,,, respectively. By rotating,
we find a position of a line passing through point O that must sat-
isfy the conditions of BC||AE and BD||AF. This means that there
are two solutions for interception trajectories with transfer times
wAty, < /2 and that the vectors e, and e, are the required thrust
directions. It is evident that there is a value of 6, with a boundary
solution (Fig. 4). Finally, for 6, < /2, it can be shown (Fig. 5)
that there are two solutions with 7/2 <wAt; <. If Wy > Vi,
there are always two solutions for transfer times wAt;y < /2 and
/2 <wAt; < (Fig. 6).

- ~
7 A Y
7 \ ngx
/
1
i \
\
\ e,Wy, ezﬁkl
A -
(S v /D Vv, O Pa EN\Bi2” ¥
~ 1(1’ P K2 Ae K1 W
= - e~

Fig. 3 Geometric interpretation of solutions for 6;, > 7/2 and V, >

4] Vi ~ - de/ 4 Pua G
— o - W
e

Fig. 5 Solutions for 6y, < 7/2.
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Table 1 Solution types

Relation for

Number of solutions

355

Okg Vig and Wy Existence condition oAty <mw/2 w[2<wAtp<m
Okg > /2 Vig > Wk Vig sin(6 + Abmax) < Wy 2 e
Okg > /2 Vig > Wk Vig Sin(6 + Abmax) < Wy e 2
0<Og=<m Vig < Wk Always 1 1
Arbitrary Vig = Wk Always 1 oAty =m/2
Gmg>7r,/2 Table 2 Numerical example of asteroid interception
Vie <Wyk Parameters Errors
Solution type ¢y, days e Apmin Sty Ae, deg
First order 60.15  (—0.1106,—0.9938)" 0.081 0.015 12.6
Second order  60.05  (—0.2966, —0.9550)” 1.73

Exact solution

59.25

(—0.3254, —0.9456)"

0.010 0.013

Fig. 6 Solutions for W,; >V,.

From the earlier geometric consideration, it is easily shown that
the existence condition for solutions is

ng Sin(gkg + Agmax) = va (49)

where

Agmax = Sin_l (ka/pkgw) (50)
This relation can be derived analytically. For impulsive velocity
changeit is

Vosinfy < AV (51

Clearly the existence of a solution means the energetic attainability
of the target. Table 1 presents the conditions for distinct solution

types.

Reachable Domains for Fixed-Fuel Interception

We defined areachabledomain as a boundary set of the initial po-
sitions of an interceptorand a target for which the targetis energetic
attainableat a time to the interceptfree flying abouta spherical Earth
and using a fixed-fuel potential represented by a specified W, or
impulsive velocity change AV . Based on the preceding analysis, the
definition of the reachable domains is required computation of the
areas in a space with the following boundaries: W, =V}, sin 6,
Wy = Vi, and 6y, = /2. If initial relative state between the inter-
ceptor and target can be defined in a two-dimensional space, then
contourdiagramsare very useful. Correspondingexamplesare given
in the next section.

Application Examples

Near-Earth Asteroid Interception

The problemof interceptionof asteroids on collision courses with
the Earth has become of increasing importance in recent years .24~
A traditional method for analysis of interplanetary trajectories is
the patched conic method.>!'* In this method, if the spacecraft is
sufficiently close to the Earth, then in a region called the sphere
of influence of the Earth can be analyzed, as the two-body Earth-
spacecraft problem. If the spacecraft is not inside the sphere of
influence of the Earth, it is considered to be in a two-body orbit
about the sun. The Earth’s sphere of influence radius is 6 x 1073
astronomical unit (AU). Suppose that V is the Earth velocity vec-
tor relative to the sun; thus, the spacecraftheliocentric velocity Vsy
is a sum Vsy = Vg 4+ Vg, where Vg is the velocity of the space-
craft relative to the Earth, which often called the hyperbolic excess

1. T T T T T T
) g Point 6f possible colligion
I o . .-~ " Earfh and:agteroid
_Asteroid orbit P : %
. Earth orbit
0.5 ; : 1
/ / Intercept point
; / :
; : Sun
of--- .- I R R - R
R N . Initial points
-0.5f ‘\ \ ;
-1F \\\ \~‘--_"—_—
N . . . , : ‘
-2.5 -2 1.5 -1 -0.5 0 0.5 1

Fig. 7 Example of asteroid interception trajectory.

velocity vector. It is known®!“ that the required excess velocity for
the Earth escape hyperbola is precisely the same as the impulsive
velocity change AV for a massless planet. For known Vg, the actual
required AV can be determined. We assume that the velocity Vsg
has an approximate value of AV. It is equivalent to an interceptor
guided from a massless planet. Similar to near-Earth trajectories,
suppose that the motion of the interceptor and an asteroid occurs
in a thin spherical shell with heliocentric radius near to the mean
heliocentric radius of the Earth’s orbit.

Consider an Earth-crossingasteroid, moving in the ecliptic plane,
whose orbital elements are given by semimajor axis of 1.5 AU
and eccentricity of 0.42. Suppose that initial positions of the as-
teroid and an interceptor with AV =8 km/s in a two-dimensional
heliocentriccoordinateframe are ;o = (0.3901, —0.9980)" AU and
r0 =(0.7633,—0.6405)" AU. The time before collisionof the Earth
and asteroid is 7, =97 days. One of the first-order solutions of
Eq. (28) is a negative root wt,;; = —77.36 deg, which corresponds
to interception time ¢, = 102.9 days (for r,, =1.0 AU). It is evi-
dent that this solution with 74, > 7, is not of a practical significance.
Trajectory in the ecliptic plane correspondingto the second solution
with positiverootw? s, is shown in Fig. 7. Parameters of the first-and
second-ordersolutions and their errors relative an exact solution for
inverse-square gravity field are given in Table 2. The minimal range
ITOI §Pmin = Pmin/ Lo and time error §t; = (t; — t}.)/t}. provided by
the substitutionof approximate solutions, that is, the corresponding
vector e, in the equations of the asteroid and interceptor for inverse-
square gravity field, where py,;, is the minimal range between them
and t/, is corresponding time. The thrust direction error Ae is an
angle between the vectors e for approximate solutions and the exact
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solution, which here is computed as a two-point boundary value
problem for inverse-square gravity field, that is, the problem is to
find e and ¢ for specified py, Vo, and p, =0.

Reachabledomainand transfertimes vs start time before collision
of the Earth and asteroid, ., for AV =2-22 km/s are presented in
Fig. 8. It shown that there exists an area for small AV in which
there are two solutions with w?; < /2. However, only solutions
with 7, < 7. are of practical significance.

Space Interception

As second example, consider a fictitious space-based intercep-
tor and a target both moving in circular low Earth orbits of radii
rio=6678 km and rro = 6728 km, respectively. Suppose that the
interceptorparameters are given by the a = 0.006 km/s2, 7, = 300s,
and m =0.002667 1/s. Substituting these parameters into Eqs. (A7)
yields W, =3.576km/s and W, = 0.458 kn/s (for r,, = 6728 km).
We define an Earth-centered inertial coordinate frame as shown in
Fig. 9. The X axis is placed along the line of intersection of the
two orbital planes, and the Y axis lies at the orbital plane of the
interceptor. The relative state vector between the interceptor and
target is specified by three parameters: the inclination angle of the
interceptor orbital plane from that of the target Ai and the angles
to the interceptor and target from the node of intersection of their
orbital planes ¢; and @7, respectively. Therefore,

AV, ks

No solutions

2 i i i i

-130 -120 -110 -100 -90 -80 -70 -60 -50 -40 -30 -20
Time before collision Earth and asteroid, days

Legend:

first solution;

— — — second solution;

- v,sinb < AV and 6, > n/2;
T - v sind > AV;

I - no second order solution

Fig. 8 Reachable domainand contour plot of transfer times (days) for
trajectories of asteroid interception.

Fig. 9 Coordinate frame for space interception.

cosQr cos ¢,
Py =T7r|singrcosAi | —r;| sing,
sin g sin Ai | 0
—singr [ —sing;
Vo= Vr | cosprcosAi | — V;| cose; (52)
cos ¢r sin Ai | 0

where V; and V; orbital velocities.

Consider the interception problem for a particular case of g7 =
—110deg, ¢; = —30 deg, and Ai =150 deg. In this case, we have
from Eq. (28) two positiveroots for the first- and also for the second-
order solutions. Parameters of trajectories and their errors are pre-
sented in Table 3.

An example of reachable domains for arbitrary ¢; and ¢r and
Ai =150 deg are shown in Fig. 10. Because W, /w =400 km >
rp —r; for all values Ag and Ai, there are small areas of boost-
phase interception near nodes of the orbit planes intersection. The
solutions for these areas can be computed using Eq. (18). A bound
of thisareais a bound of area of interceptionduring free-flight phase
with two solutionsin which wAf, < 7 /2. Another bound of the last
areais aboundof area with two solutionsin whichwAt;; < /2and
/2 <wAts, < 7. In closing, we have an area with the solutions of
wAt; > /2. Examples of reachable domains for some inclinations
Ai are shownin Fig. 11. Boundary values of Ai =0 and = conform
to coplanar interception. With inclination increasing, the reachable
domains increased.For Ai = 0, the reachabledomain is a small area
corresponding to relative positions of the interceptor and target at
a short distance (Fig. 11a). For Ai =7 there is an opposite case,

Table 3 Example of space interception

Parameter
and error First solution Second solution
First order

tr,s 928.0 589.9
e (0.5510, —0.8068, —0.2134)"  (—0.7514,0.5877,0.296 )T
apmin 0.152 0.011
Sty 0.045 0.066

Second order
tr,s 902.15 560.1
e (0.0894, —0.9637, —0.2517)"  (—0.7273,0.6155,0.3038)"
3Pmin 0.032 0.0023
Aty 0.061 0.012

6=m/2
150
100
small areas of
solutions for t<t,
50 =7
2
&g o
o
o
e
-50
-100
-150
— " 7] -
-156  -100  -50 0 50 100 150
9, deg

Legend: [ | - two solutions with ot; < /2
[ - solutions with ot < #/2 and © > ot > 1/2

M - tvwo solutions with & > ot > n/2

Fig. 10 Reachable domain of space interception for A i = 150 deg.
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100 100["
1] on
8 0 g 0
-100 -100
2100 0 100 2100 0 100
@), deg @, deg
a) Ai =0deg ¢) Ai =120 deg

o L@

50 17~
5 Ok———"® q
& ~ 4.
-100 - S~ o
-100 0 100 -100 0 100
¢, deg ¢, deg
b) Ai = 60 deg d) Ai =180 deg

Legend: ] -two solutions with ot < /2
I - solutions with ot; < n/2 and © > ot; > /2

HE - tWo solutions with 7> ot > n1/2

Fig. 11 Reachable domains for several A i.

that is, it is a small area in which the solutions are not available
(Fig. 114).

Conclusions

A simple model for relative motion of an interceptor and target
moving in a thin spherical shell including an attracting spherical
homogeneous body or point mass has been used to obtain closed-
form solutions of a fixed-fuel interception with a free transfer time.
The major results of the paper may be summarized as follows:
1) A quadratic equation for the transfer time of interception has
been derived. 2) The first- and second-order solutions have been
obtained. 3) A general formulation of the solutions for an intercept
with constant thrust has been established; the solution with impul-
sive thrust approximation is a particular case of this general case.
4) The methods give reasonably accurate results for the transfer an-
gle less than /2. 5) Based on descriptive existence conditions, a
computational method for the reachable domain is developed.

The rationale of the method is to obtain a better understanding
of the nature of space interception. This knowledge should be use-
ful for computing of reachable domains. Furthermore, approximate
methods often serve a useful role as a starting of reference solutions
for higher accuracy approaches.

Appendix A: Analytic Solution for the Boost-Phase
with Constant Thrust

Equations (8) may be written as a second-order differential
equation:

p+w'p=—lae/(1 —m1)] (A1)

By the use of the method of undetermined coefficients, a particular
solution of the homogeneous equation (A1) may be written as

p(t) = asinwt + Bcoswt + (ae/wm) f,(t)

V(t) = awcoswt — Bwsinwt + (ae/m) f,(t) (A2)

where f,(t) and f,(¢) are dimensionless functions:
fo(t) = Ci(u)sinu — Si(u)cosu
fo(t) = Ci(u)cosu + Si(u)sinu (A3)

where Ci(u) and Si(u) are cosine and sine integral functions?’
respectively, with argument

u=owt—w/m (A4)
Finally, we have
p(t) = (Vy/w)sinwt + pycoswt + [W,(t,a, m)/wle
V(t) = Vycoswt — pyw sinwt + W, (¢, a, i)e (A5)
where W, (t) and W, () are
W, (t, a, ) = (a/m)[ f,(t) = f,(0)coswt — £,(0) siner]

W, (t, a,m) = (a/m)Lf,(t) + f,0) sinwt — f,(0) coswr] (A6)
Expressions (A6) are the scaled distance and velocity change for
the homogeneous central gravity field. The last expression in Eq.
(A6), W,, represents the change in the velocity magnitude due to

the thrust force.

Appendix B: Second-Order Solution
for Free-Flight Phase

From the first-order solution for the interceptor and target, we
have

rr(t) = (Vyo/w) sinwt + rpo cos wt B1)
ri(t) = (Vio/w) sinwt + ryycos wt B2)

For éry(t)=ry(t)—r, and 6r;(t)=r;(t) —r,, we make the
following quadratic approximation:

8r =ay + ait + a,t? (B3)
ag=ry—ry, (B4)

ay = Viry/Irol = Vi (B5)
ay = (ry—ry— Vr()tf)/ti (B6)

Using the method of undetermined coefficients, we have the follow-
ing second-order solution:

pt) =[Vo/o+ Q,()]sinwt + [py + Q,()]coswty,  (BT)

V() =[Vo + Q,(t)wlcoswt — [py + Q,(N)]wsinwt,  (BY)

where

Q, = Bow/r,)ldg(0) —dg(1)] (B9)

Qv = (3a)/rm)[dot (t) - dot(o)] (BlO)
i=2

d,() =Y (a'lsci +allc,) (B11)
i=0
i=2

dg(t) = Z (lll”sl‘ +11?ISCI‘) (B12)
i=0

a; = (a;rVio — a1 Vro)/w (B13)

a = a;rrrg — a; o (B14)

1 in2
Iy = / sin‘or df = — (%t - Sm4“’t> (B15)
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) 1 [ ot sin 2wt
Iy = cos‘wtdt = —| — + (B16)
w\ 2 4
1 . 1
Isco = = | sin2wtdt = —— cos 2wt (B17)
2 4w
5 1 [ @?*t?* wtsin2wt cos2wt
Ig; = [ tsin“wtdt = — — —
0\ 4 4 8
(B18)
/  cos o dr 1 [ *f? N wt sin 2wt N cos 2wt
= cos = —
« @ 2\ 4 4 8
(B19)
1 1 .
Ise; = = [ tcos2wtdt = —(sin2wt — 2wt cos2wt) (B20)
2 8w?

Isz :/tz Sin2 wt dt

1 | &t > 1Y\ . wt cos 2wt
= — -3 sin 2wt — — (B21)

| 6 4

Ic) :'/t2 cos® wt dr

1 | &3 N I o ot + wt cos 2wt (B22)
= — — — ) sin20t + ———
w3 6 4 8 4

1
ISCZ = E/tz sin 2wt dt

1
= oo [4wt sin 2wt — (4w*t? — 2) cos2wt] (B23)
13

Appendix C: Second-Order Solution for Boost-Phase

In a similar manner, we can use the correspondingexpression for
the boost phase of the interceptor:

ri(t) = (Vyo/w)sinwt +rigcoswt + [W, (1) /wle (C1)
and the following quadratic approximationof W, (z):
W, (1) ~ byt + byt* (by = 0) (c2)

Similar to Appendices A and B, the second-order solution for the
boost phase can be written as

pt) = [Vo/o + Q, ()] sinwt + [py + Q,(1)] cos wt

+H{W, (@) + S, ()] /wle (C3)
V(1) = [Vo + Qu(Dw] cos wt — [py + @, (t)]w sin wt

+[W,() + S,()]e (c4)

where Q,(¢) and Q,(t) are the perturbed terms of Eqs. (B9) and
(B10):

S,(@) = (3/r,){[ca(0) — ¢ ()] sinwt + [cg(t) — c5(0)] coswt}
(C5)
S, (1) = B/ra){lea(0) — cu ()] coswt + [c4(1) — cp(0)] sinwt}
(C6)
C,(t) = S| (coswt + wt sinwt) + S,[2wt cos wt
+ (0?t? = 2) sinwt] + S;[(3w?t? — 6) cos wt

+ (0’13 — 6wt) sinwt] + S,[(4w’t® — 24wt) cos wt

+ (@** — 120°% + 24) sin wt] (C7)

Cy(t) = S (sinwt — wt coswt) + S [2wt sin wt
— (@*t? = 2) coswt] + S;[(Bw?t* — 6) sinwt

— (0t — 6wt) sinwt] + Sy[(4w’t? — 24wt) sinwt

+ (0't* — 20t +24) cos wt] (C8)

S| =apb (C9)

S, = (anby + a;oby) /w (C10)

Sy = (@b, + ajb,) [ w? (c11)

Sy = apb, [ o (C12)
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