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Direct High-Speed Interception: Analytic Solutions,
Qualitative Analysis, and Applications

Yuri Ulybyshev¤

Rocket-Space Corporation “Energia,” 141070, Korolev, Russia

Trajectories for high-speed interception in a thin spherical shell of an inverse-square central gravity � eld are
considered. The solutions are obtained for the problem of exoatmospheric � ight, open time intercept of a nonma-
neuvering target in an orbit during free-� ight phase. The � xed-fuel interceptor is assumed to have the capability
of generating � xed magnitude thrust or a speci� c impulsive velocity change. A closed-form solution for the control
law is derived. The thrust direction is a linear function of the relative states between the interceptor and target
and a nonlinear function of the transfer time. This transfer time is obtained as an analytic solution to a quadratic
equation. First- and second-order methods are developed. A qualitative analysis and a descriptive geometric inter-
pretation of a space interception are considered. The results show that the optimal guidance law for the boost phase
of an interceptor is the well-known constant bearing course relative to the target. Descriptive existence conditionsof
trajectories for a � xed-fuel interceptor are derived and a computationmethod to determine the reachable domain,
that is, the boundary set of initial positions of the interceptor and target, is developed. Numerical examples of an
asteroid interception and satellite interception are presented.

Nomenclature
a = initial thrust acceleration;Eq. (1)
ai = polynomial approximation of ±r for free-� ight

phase; Eq. (B3)
bi = polynomial approximation of ±r for boost phase;

Eq. (C2)
C1; C2 = constants;Eq. (42)
D = discriminant
e = unit vector of thrust direction
H = Hamiltonian function
Pm = speci� c fuel usage rate
Qv; Q½ = perturbed terms; Eqs. (30) and (31)
r = radius
r = radius vector
rm = mean radius of thin spherical shell
Sv ; S½ = perturbed terms; Eqs. (30) and (31)
t = time
t 0

f = minimal range time in an inverse-square
gravity � eld

V = velocity vector, km/s
W½ ; Wv = scaled distance and velocity changes for

homogeneouscentral gravity � eld; Eq. (A7)
0 = zero vector
®; ¯; °; º = constant vectors
1i = inclination angle interceptor orbital plane;

see Fig. 9
1t f = t f ¡ tk

1V = speci� c impulsive velocity change, km/s
±r = r ¡ rm

±t f = relative displacement of minimal range time,
.t f ¡ t 0

f /=t 0
f

±½min = ½min=½0

µ = angle between vectors V and ½
¸ = adjoint vector; Eq. (11)
¹ = gravitational constant of central body
½ = relative distance between interceptor and target
½ = relative position vector
½min = minimal range in an inverse-squaregravity � eld
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’ = interceptor or target position angle; see Fig. 9
! = mean motion of circular orbit with radius of rm ;

Eq. (5)

Subscripts

F = � nal
G = gravity term
I = interceptor
K = end of boost phase
T = target
V = velocity
0 = initial
½ = range

Superscript

T = transposition

Introduction

A TOPIC of classicalinterestin astrodynamicsis the interception
problem, that is, the determinationof a collision trajectory be-

tween two vehicles (an interceptorand a target) in space. This prob-
lem has been extensively analyzed in the published literature.1¡15

A survey of the earliest works is given by Gobetz and Doll.1 Re-
cent works can be found in the Refs. 7–14. For ease of discus-
sion these numerous possible methods for solving the interception
problem may be categorized in accordance with the gravitational
model adopted in each: 1) nongravity model,2;4 2) constant grav-
ity � eld,3;13;15 3) homogeneous central gravity � eld,3 4) linearized
Clohessy–Wiltshire16 gravity � eld,3;9 and 5) well-known inverse-
square central gravity � eld.5;7;8;10 For each method there is an ap-
plication area in terms of the transfer orbit type and transfer angle.
Figure 1 is a schematic distribution of the application areas for the
cited gravity models.

In the present paper, we consider the high-speed,� xed-fuel inter-
ception problem in a thin spherical shell of an inverse-square cen-
tral gravity � eld. In this case, a homogeneous central gravity � eld
model3;17¡19 can be used. This � eld is a simpler model in which
gravitational acceleration vector is linear with radius vector.

Previous investigators have obtained solutions that are based on
an impulsive thrust approximation. In the case of a direct-ascent
interception, the boost-phase time is comparable with the transfer
time, and the thrust impulsive approximation is not always appli-
cable. As a rule, the solution to the interception problem for an
inverse-squaregravity � eld, for example, in the form of an iterative
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Fig. 1 Schematic diagram for application of gravity � eld models.

solution of Lambert’s problem (see Refs. 6 and 14), is still some-
what complicated. In the case of a homogeneous central gravity
� eld model, the time-optimal solution can be found in closed form
for fuel-� xed boost-glide intercept. For these reasons, a simpler,
approximate model is useful. In this paper, we derive, analyze, and
applya homogeneouscentralgravity� eld model that approximately
describesthemotionof an interceptorto a target.There are a number
applications of this theory, including close-rangeasteroid intercep-
tion, space interception, etc.

The complexities of performing an intercept in space are such
that an analytical qualitative study is dif� cult to accomplish. Quali-
tative analysesand geometric interpretationswere presentedfor the
inverse-square central gravity � eld.15;20;21 Cochran and Haynes10

derived a guidance law for exoatmospheric intercept with an im-
pulsive change constraint that is reasonable for solid rocket boosted
interceptors. The problem of determining attainable regions for a
single-impulse transfer from a given initial Keplerian elliptical or-
bit has been considered by Kirpichnikov.20 Vinh et al.12 introduced
the concept of the reachable domain, which is the set of points at-
tainable at a given time by a free-� ying interceptor using a fuel
potential represented by a total characteristic velocity. They also
considered possible applications of this concept. The well-known
inverse-square central gravity � eld is a model with good accuracy
for solution of the interception problem. However, only limited ex-
plicit solutions and descriptivegeometric interpretationshave been
obtained for this model. Here we present a qualitative analysis and
geometric interpretationof the interceptionproblemduring the free-
� ight phase of an interceptor and � nd a method for explicit compu-
tation of reachable domains.

Cochran and Haynes10 designed a similar technique for energy-
limited impulsive interception for speci� ed � nal position in an
inverse-squaregravity � eld based on an iterative procedure includ-
ing the solution of a quartic equation. An analysis and solutions of
optimal intercept trajectoriesin a homogeneouscentral gravity � eld
with controlled thrust acceleration are presented in Ref. 3.

The major differences in the present problem and the preceding
ones are 1) equationsof relativemotion between the interceptorand
target are considered;2) the � nal position, that is, interceptpoint, is
not speci� ed; 3) the transfer time is free; 4) a general solution for a
variablemass interceptorwith � xed thrustmagnitudeis derived;and
5) explicit existenceconditions, that is, the energeticattainabilityof
the target, are presented.

Analytic Solutions
Equations of Relative Motion

The equations of motion of the interceptor and nonmaneuvering
target in an Earth-central inertial frame can be written as

PV I D ¡
¡
¹rI

¯
r 3

I

¢
C ae.t/=.1 ¡ Pmt/ (1)

Pr I D VI (2)

PVT D ¡
¡
¹rT

¯
r 3

T

¢
(3)

PrT D VT (4)

where the control e(t ) is a unit vector. We assume that the transfer
occurs in a thin spherical shell of an inverse-square central gravity
� eld. By this means, the function ¹=r 3.t/ may be expanded in a
series about a reference value !2 D ¹=r 3

m :

¹=r 3 ¼ !2.1 ¡ 3±r=rm / (5)

The equations of relative motion in terms of relative position
½ D rT ¡ rI and relative velocity V D VT ¡ VI then are as follows:

PV D ¡!2½ ¡ ae.t/=.1 ¡ Pmt/ C
¡
3!2

¯
rm

¢
.±rT rT ¡ ±r I rI / (6)

P½ D V (7)

First-Order Methods for Interception During
Boost-Phase Interception

The following equations shall be used to model the � rst-order
dynamics:

PV D ¡!2½ ¡ ae.t/=.1 ¡ Pmt/ (8a)

P½ D V (8b)

These equations have the form of a harmonic oscillator without
damping, but with an applied force (thrust). It is well known that
the solution for such harmonic oscillator can be written as

½.t/ D .V0=!/ sin !t C ½0 cos !t (9a)

V.t/ D V0 cos !t ¡ ½0! sin!t (9b)

An optimal control formulation of the problem can be stated as
follows. Find the control law e(t ) that minimize the � ight time
t f to go from prescribed initial conditions ½0 and V0 to the � nal
conditions

½.t f / ´ 0; V.t f / is free (10)

The variational Hamiltonian2 is

H D ¸T
V [!2½ ¡ ae.t/=.1 ¡ Pmt/] C ¸T

½ V (11)

The optimal control law may be determined from the Pontryagin’s
minimum principle.2 It is given by

e.t/k¸V .t/ (12)

The Euler–Lagrange equations are

P̧
V D ¡

@H

@V
D ¡¸½ (13)

P̧
½ D ¡ @H

@½
D !2¸V (14)

These equations are easily integrated to yield for ¸v :

¸V .t/ D ° sin !t C º cos !t (15)

For the interceptiontrajectories,the � nal valueof relativevelocity
V(t f ) is unspeci� ed. Because the terminal constraintsdo not depend
on the � nal velocity,satisfactionof the necessaryconditionsrequires
a zero boundary condition for the adjoint vector associatedwith the
velocity, which is equivalent to a zero value,

¸V .t f / D ° sin !t f C º cos !t f ´ 0 (16)
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It follows that the vectors ° and º are collinear vectors. Thus, ¸v is
a constant direction vector. Therefore, the optimal control law must
be given by a constant unit vector e. Note that an optimal control
problemwith constant thrustmagnitudeof a variablemass intercep-
tor is considered. To our knowledge, the � rst solution to a similar
optimal interception problem with continuous � nite thrust acceler-
ation is given by Kouzmak and Braude.18 The analytic solution of
Eqs. (8) for constant thrust direction is presented in Appendix A.
Substitution from Eq. (10) into Eq. (A5) yields

V0 sin !t f C ½0! cos!t f C W½.t f /e D 0 (17)

where W½ is a scaled distance of the interceptor depending on the
thrust force. Because jej ´ 1, we have

V 2
0 sin2 !t f C 2VT

0 ½0! sin !t f cos !t f C ½2
0 !2 cos2 !t f D W 2

½ .t f /

(18)

which is a transcendental equation for t f . The expression for the
control law can be written as

e D ¡
V0 sin!t f C ½0! cos!t f

W½.t f /
(19)

First-Order Method for Interception During Free-Flight Phase
Consider the minimum-time interception during the free-� ight

phase of the � xed-fuel interceptor.From Eq. (10) may be found the
constraint relation for state vector at the end of the boost phase:

½.t f / D .Vk=!/ sin !1t f C ½k cos!1t f D 0 (20)

where 1t f D t f ¡ tk and

½k D .V0=!/ sin !tk C ½0 cos!tk C .W½k=!/e (21)

Vk D V0 cos!tk ¡ ½0! sin !tk C Wvk e (22)

From ¸v being a constant direction vector, it follows that e is also a
constant unit vector. We may de� ne

½kg D .V0=!/ sin !tk C ½0 cos!tk (23)

Vkg D V0 cos !tk ¡ ½0! sin !tk (24)

and express Eqs. (21) and (22) more compactly as functions of e.
Therefore,

½k D ½kg C .W½k=!/e (25)

Vk D Vkg C Wvk e (26)

Substituting these results for ½k and Vk in Eq. (20) yields

Vkg sin !1t f C ½kg ! cos!1t f

C e[Wvk sin !1t f C W½k cos !1t f ] D 0 (27)

Similar to the preceding section, because jej ´ 1, the last equation
simpli� es to
¡
V 2

kg ¡ W 2
v

¢
tan2 !1t f C 2

¡
VT

kg½kg! ¡ Wvk W½k

¢
tan !1t f

C
¡
½2

kg!2 ¡ W 2
½k

¢
D 0 (28)

which is a quadratic equation for tan !1t f .
For the impulsive interception (i.e., Wvk ´ 1V , W½k ´ 0, Vkg ´

V0 , ½kg ´ ½0 , and 1t f ´ t f ), we have a simple two-point boundary-
value problem without an optimization of the velocity change di-
rection. The boundary-value problem is then the following: Given
the initial relative position ½0 and velocity V0 , the desired relative
position ½.t f / D 0 and the speci� ed impulsive velocity change 1V ,
determine the orbit that satis� es these conditions. In a sense, it is
a modi� ed Lambert’s problem in which the speci� ed transfer time
t f is replaced by a speci� ed impulsive velocity change 1V . In this
case, Eq. (28) is greatly simpli� ed. The distinction between the re-
sult presented result here and the approach in Ref. 10 is an explicit

solutionof the interceptionproblem with speci� ed impulsiveveloc-
ity change 1V .

The negative roots represent mathematically possible solutions
for homogeneous central gravity � eld because they give solutions
with ¼=2 < !1t f < ¼ .

The expression for the thrust direction can be written as

e D ¡
Vkg tan !1t f C ½kg !

Wvk tan !1t f C W½k

(29)

Second-Order Method for Interception During Free-Flight Phase
For second-order method based on Eqs. (6) and (7), we will be

use a constant unit vector of the thrust direction as a near-optimal
control law. The solutions of these equations for the constant thrust
direction are given in Appendices B and C in the following form:

½.t/ D [V0=! C Qv.t/] sin !t

C [½0 C Q½.t/] cos!t C f[W½ .t/ C S½.t/]=!ge (30)

V.t/ D [V0 C Qv.t/!] cos !t

¡ [½0 C Q½.t/]! sin !t C [Wv.t/ C Sv.t/]e (31)

where Qv.t/, Q½.t/, S½.t/, and Sv .t/ are perturbed terms.
The second-order method for free-� ight phase interception con-

sists of an expressionof the perturbed terms by approximatevalues,
which are calculated along the � rst-order trajectory:

½¤
kg D

£
V0=! C Q¤

va.tk /
¤

sin !tk

C
£
½0 C Q¤

½a.tk/
¤

cos !tk C Q¤
½

¡
1t 1

f

¢
(32)

V¤
kg D

£
V0 C Q¤

va.tk /!
¤

cos !tk

¡
£
½0 C Q¤

½a.tk/
¤
! sin !tk C Q¤

v

¡
1t 1

f

¢
(33)

where 1t 1
f is the � rst-order solution and satis� es the quadratic

equation (28) for ½¤
kg and V¤

kg and W ¤
½k D W½k C S½.tk / and W ¤

vk D
Wvk C Sv.tk /. The thrust direction is computed from Eq. (29).

Numerical experimentsshow that the second-ordermethod gives
reasonably accurate results for the transfer angle less than ¼=2.
Numerical examples are given in the last section.

Qualitative Analysis of Interception Trajectories
Properties of Interception Trajectories

It is evident that the motion of the interceptor and target during
the free-� ight phase occurs in a plane that is formed by vectors ½k
and Vk :

½.t/ D ® sin !t C ¯ cos !t (34)

Without loss of generality, by a rotation of the coordinate axes this
equation can be reduced to the following two-dimensional forms:

½¤
1 D ®¤

1 sin !t C ¯¤
1 cos!t (35)

½¤
2 D ®¤

2 sin !t C ¯¤
2 cos!t (36)

After eliminating of the trigonometrical terms, we have a positive
de� nite quadratic form

¡
®¤

2½¤
1 ¡ ®¤

1 ½¤
2

¢2 C
¡
¡¯¤

2 ½¤
1 C ½¤

2 ¯¤
1

¢2 D
¡
¯¤

1 ®¤
2 ¡ ¯¤

2 ®¤
1

¢2
(37)

If .¯¤
1 ®¤

2 ¡ ¯¤
2 ®¤

1 D 0/, then equations

®¤
2½¤

1 ¡ ®¤
1 ½¤

2 D 0 (38)

¯¤
2 ½¤

1 ¡ ¯¤
1 ½¤

2 D 0 (39)

describe a straight line. Thus, the vector ½.t/ or the line of sight re-
mains constant in an inertial frame. It is a well-known guidance law
for collisioncourse that is a limiting case of proportionalnavigation
and called the constant bearing navigation.22
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Phase Portrait and Energy Integral for Relative Motion
Squaring of Eq. (9a), differentiating thrice, and eliminating the

trigonometric terms gives

¢R½½ C 3 R½ P½ C 4!2 P½½ D 0 (40)

Suppose that y.½/ D P½2.½/. After substitution, we have a second-
order differential equation

½
d2 y

d½2
C 3

dy

d½
C 8!2½ D 0 (41)

which may be integrated to give23

P½2 D C1 C C2½¡2 ¡ !2½2 (42a)

where

C1 D V 2
k C ½2

k !2 (42b)

C2 D ¡½2
k V 2

k sin2 µk (42c)

In general case, this solution describes a closed curve that is sym-
metrical with respect to the ½ axis (Fig. 2a). For the extreme values
of ½ , that is, the points with P½ D 0, we have a biquadratic equation

!2½4 ¡
¡
V 2

k C !2½2
k

¢
½2 C ½2

k V 2
k sin2 µk D 0 (43)

½2
1;2 D

h¡
V 2

k C ½2
2 !2

¢
§

q¡
V 2

k C ½2
k !2

¢2 ¡ 4!2½2
k V 2

k sin2 µk

.
2!2

i

(44)

Note that all of the roots are nonnegative because for the ex-
treme value of sin2µk D 1 the discriminant is a square, D D
.V 2

k ¡ ½2
k !2/2 > 0. For a collision course, that is, µk D ¼ (Fig. 2b),

Eq. (44) can be written as

½max D
q

V 2
k

¯
!2 C ½2

k ; ½min D 0 (45)

and when µk D ¼=2, it is

½1 D Vk=!; ½2 D ½k (46)

a) General case

b) Collision course

Fig. 2 Phase portrait.

For the sum squares of ½.t/ and V.t/, we obtain

V 2.t/ C ½2.t/!2 D V 2
k C ½2

k !2 D q D const (47)

For relative motion, we can identity V 2.t/ as the kinetic energy per
unit mass and ½2.t/!2 as the potential energy. Thus, as in inverse-
square orbital motion, the quantity q can be called the total en-
ergy constant of relative motion. It is evident that the � nal collision
velocity between the interceptor and target is

V f D
p

q D
p

V 2
k C ½2

k !2 (48)

Geometric Interpretation of Solutions
As alreadymentioned,thecollisioncourse requiredcollinearvec-

tors of Vk and ½k . We consider a case with µk > ¼=2 and jVk j > Wvk .
Figure 3 shows the vectors ½kg and Vkg and two circles centered
at A and B having radii W½k=! and Wvk , respectively.By rotating,
we � nd a position of a line passing through point O that must sat-
isfy the conditions of BCkAE and BDkAF. This means that there
are two solutions for interception trajectories with transfer times
!1t f 1;2 < ¼=2 and that the vectors e1 and e2 are the required thrust
directions. It is evident that there is a value of µk with a boundary
solution (Fig. 4). Finally, for µk < ¼=2, it can be shown (Fig. 5)
that there are two solutions with ¼=2 < !1t f < ¼ . If Wvk > jVk j,
there are always two solutions for transfer times !1t f 1 < ¼=2 and
¼=2 < !1t f < ¼ (Fig. 6).

Fig. 3 Geometric interpretation of solutions for µkg > ¼/2 and Vkg >
Wvk.

Fig. 4 Boundary solution for µkg > ¼/2 and Vkg > Wvk.

Fig. 5 Solutions for µkg < ¼/2.
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Table 1 Solution types

Number of solutions
Relation for

µkg Vkg and Wvk Existence condition !1t f < ¼=2 ¼=2 < !1t f < ¼

µkg > ¼=2 Vkg > Wvk Vkg sin.µ C 1µmax/ · Wvk 2 ——
µkg > ¼=2 Vkg > Wvk Vkg sin.µ C 1µmax/ · Wvk —— 2
0 · µkg · ¼ Vkg < Wvk Always 1 1
Arbitrary Vkg D Wvk Always 1 !1t f D ¼=2

Fig. 6 Solutions for Wvk > Vkg .

From the earlier geometric consideration, it is easily shown that
the existence condition for solutions is

Vkg sin.µkg C 1µmax/ · Wvk (49)

where

1µmax D sin¡1.W½k=½kg!/ (50)

This relation can be derived analytically. For impulsive velocity
change it is

V0 sinµ0 · 1V (51)

Clearly the existence of a solution means the energetic attainability
of the target. Table 1 presents the conditions for distinct solution
types.

Reachable Domains for Fixed-Fuel Interception
We de� ned a reachabledomain as a boundaryset of the initial po-

sitions of an interceptorand a target for which the target is energetic
attainableat a time to the interceptfree � ying about a sphericalEarth
and using a � xed-fuel potential represented by a speci� ed Wvk or
impulsivevelocitychange1V . Based on the precedinganalysis, the
de� nition of the reachable domains is required computation of the
areas in a space with the following boundaries: Wvk D Vkg sin µkg ,
Wvk D Vkg , and µkg D ¼=2. If initial relative state between the inter-
ceptor and target can be de� ned in a two-dimensional space, then
contourdiagramsareveryuseful.Correspondingexamplesaregiven
in the next section.

Application Examples
Near-Earth Asteroid Interception

The problemof interceptionof asteroidson collisioncourseswith
the Earth has become of increasing importance in recent years.24¡26

A traditional method for analysis of interplanetary trajectories is
the patched conic method.6;14 In this method, if the spacecraft is
suf� ciently close to the Earth, then in a region called the sphere
of in� uence of the Earth can be analyzed, as the two-body Earth–

spacecraft problem. If the spacecraft is not inside the sphere of
in� uence of the Earth, it is considered to be in a two-body orbit
about the sun. The Earth’s sphere of in� uence radius is 6 £ 10¡3

astronomical unit (AU). Suppose that VE is the Earth velocity vec-
tor relative to the sun; thus, the spacecraft heliocentricvelocity VSV
is a sum VSV D VE C VSE, where VSE is the velocity of the space-
craft relative to the Earth, which often called the hyperbolic excess

Table 2 Numerical example of asteroid interception

Parameters Errors

Solution type t f , days e 1½min ±t f 1e, deg

First order 60.15 (¡0.1106, ¡0.9938)T 0.081 0.015 12.6
Second order 60.05 (¡0.2966, ¡0.9550)T 0.010 0.013 1.73
Exact solution 59.25 (¡0.3254, ¡0.9456)T —— —— ——

Fig. 7 Example of asteroid interception trajectory.

velocity vector. It is known6;14 that the required excess velocity for
the Earth escape hyperbola is precisely the same as the impulsive
velocitychange1V for a masslessplanet.For known VSE , the actual
required 1V can be determined. We assume that the velocity VSE
has an approximate value of 1V . It is equivalent to an interceptor
guided from a massless planet. Similar to near-Earth trajectories,
suppose that the motion of the interceptor and an asteroid occurs
in a thin spherical shell with heliocentric radius near to the mean
heliocentric radius of the Earth’s orbit.

Consideran Earth-crossingasteroid,moving in the eclipticplane,
whose orbital elements are given by semimajor axis of 1.5 AU
and eccentricity of 0.42. Suppose that initial positions of the as-
teroid and an interceptor with 1V D 8 km/s in a two-dimensional
heliocentriccoordinateframe are rT 0 D (0.3901,¡0.9980)T AU and
rI 0 D (0.7633,¡0.6405)T AU. The time beforecollisionof the Earth
and asteroid is tc D 97 days. One of the � rst-order solutions of
Eq. (28) is a negative root !t f 1 D ¡77:36 deg, which corresponds
to interception time t f 1 D 102.9 days (for rm D 1.0 AU). It is evi-
dent that this solution with t f 1 > tc is not of a practical signi� cance.
Trajectory in the eclipticplanecorrespondingto the second solution
with positiveroot!t f 2 is shown in Fig. 7. Parametersof the � rst- and
second-ordersolutionsand their errors relative an exact solution for
inverse-squaregravity � eld are given in Table 2. The minimal range
error ±½min D ½min=½0 and time error ±t f D .t f ¡ t 0

f /=t 0
f provided by

the substitutionof approximatesolutions, that is, the corresponding
vector e, in the equationsof the asteroid and interceptor for inverse-
square gravity � eld, where ½min is the minimal range between them
and t 0

f is corresponding time. The thrust direction error 1e is an
angle between the vectors e for approximatesolutionsand the exact
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solution, which here is computed as a two-point boundary value
problem for inverse-square gravity � eld, that is, the problem is to
� nd e and t f for speci� ed ½0 , V0 , and ½ f ´ 0.

Reachabledomainand transfertimesvs start time beforecollision
of the Earth and asteroid, tc , for 1V D 2–22 km/s are presented in
Fig. 8. It shown that there exists an area for small 1V in which
there are two solutions with !t f < ¼=2. However, only solutions
with t f < tc are of practical signi� cance.

Space Interception
As second example, consider a � ctitious space-based intercep-

tor and a target both moving in circular low Earth orbits of radii
r I0 D 6678 km and rT 0 D 6728 km, respectively. Suppose that the
interceptorparameters are given by the a D 0.006 km/s2 , tk D 300 s,
and Pm D 0.002667 1/s. Substituting these parameters into Eqs. (A7)
yields Wvk D 3.576km/s and W½k D 0.458 km/s (for rm D 6728 km).
We de� ne an Earth-centered inertial coordinate frame as shown in
Fig. 9. The X axis is placed along the line of intersection of the
two orbital planes, and the Y axis lies at the orbital plane of the
interceptor. The relative state vector between the interceptor and
target is speci� ed by three parameters: the inclination angle of the
interceptor orbital plane from that of the target 1i and the angles
to the interceptor and target from the node of intersection of their
orbital planes ’I and ’T , respectively.Therefore,

Fig. 8 Reachable domain and contour plot of transfer times (days) for
trajectories of asteroid interception.

Fig. 9 Coordinate frame for space interception.

½0 D rT

2

4
cos’T

sin ’T cos 1i

sin ’T sin 1i

3

5 ¡ r I

2

4
cos ’I

sin ’I

0

3

5

V0 D VT

2

4
¡sin’T

cos ’T cos1i

cos ’T sin 1i

3

5 ¡ VI

2

4
¡sin ’I

cos ’I

0

3

5 (52)

where VT and VI orbital velocities.
Consider the interception problem for a particular case of ’T D

¡110 deg, ’I D ¡30 deg, and 1i D 150 deg. In this case, we have
fromEq. (28) two positiveroots for the � rst- and also for the second-
order solutions. Parameters of trajectories and their errors are pre-
sented in Table 3.

An example of reachable domains for arbitrary ’I and ’T and
1i D 150 deg are shown in Fig. 10. Because W½k=! D 400 km >
rT ¡ r I for all values 1’ and 1i , there are small areas of boost-
phase interception near nodes of the orbit planes intersection. The
solutions for these areas can be computed using Eq. (18). A bound
of this area is a boundof area of interceptionduringfree-� ight phase
with two solutions in which !1t f · ¼=2. Another bound of the last
area is a boundof areawith two solutionsin which !1t f 1 · ¼=2 and
¼=2 < !1t f 2 < ¼ . In closing,we have an area with the solutionsof
!1t f > ¼=2. Examples of reachable domains for some inclinations
1i are shown in Fig. 11. Boundaryvalues of 1i D 0 and ¼ conform
to coplanar interception.With inclination increasing, the reachable
domains increased.For 1i D 0, the reachabledomain is a small area
corresponding to relative positions of the interceptor and target at
a short distance (Fig. 11a). For 1i D ¼ there is an opposite case,

Table 3 Example of space interception

Parameter
and error First solution Second solution

First order
t f , s 928.0 589.9
e (0.5510, ¡0.8068, ¡0.2134)T (¡0.7514, 0.5877, 0.2961)T

±½min 0.152 0.011
±t f 0.045 0.066

Second order
t f , s 902.15 560.1
e (0.0894, ¡0.9637, ¡0.2517)T (¡0.7273, 0.6155, 0.3038)T

±½min 0.032 0.0023
1t f 0.061 0.012

Fig. 10 Reachable domain of space interception for D i = 150 deg.
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a) ¢i = 0 deg c) ¢i = 120 deg

b) ¢i = 60 deg d) ¢i = 180 deg

Fig. 11 Reachable domains for several D i.

that is, it is a small area in which the solutions are not available
(Fig. 11d).

Conclusions
A simple model for relative motion of an interceptor and target

moving in a thin spherical shell including an attracting spherical
homogeneous body or point mass has been used to obtain closed-
form solutions of a � xed-fuel interception with a free transfer time.
The major results of the paper may be summarized as follows:
1) A quadratic equation for the transfer time of interception has
been derived. 2) The � rst- and second-order solutions have been
obtained. 3) A general formulation of the solutions for an intercept
with constant thrust has been established; the solution with impul-
sive thrust approximation is a particular case of this general case.
4) The methods give reasonablyaccurate results for the transfer an-
gle less than ¼=2. 5) Based on descriptive existence conditions, a
computationalmethod for the reachable domain is developed.

The rationale of the method is to obtain a better understanding
of the nature of space interception.This knowledge should be use-
ful for computing of reachable domains. Furthermore, approximate
methods often serve a useful role as a startingof reference solutions
for higher accuracy approaches.

Appendix A: Analytic Solution for the Boost-Phase
with Constant Thrust

Equations (8) may be written as a second-order differential
equation:

R½ C !2½ D ¡[ae=.1 ¡ Pmt/] (A1)

By the use of the method of undetermined coef� cients, a particular
solution of the homogeneous equation (A1) may be written as

½.t/ D ® sin !t C ¯ cos !t C .ae=! Pm/ f½.t/

V.t/ D ®! cos !t ¡ ¯! sin !t C .ae= Pm/ fv.t/ (A2)

where f½.t/ and fv.t/ are dimensionless functions:

f½.t/ D Ci.u/ sin u ¡ Si.u/ cos u

fv.t/ D Ci.u/ cos u C Si.u/ sin u (A3)

where Ci.u/ and Si.u/ are cosine and sine integral functions,27

respectively,with argument

u D !t ¡ != Pm (A4)

Finally, we have

½.t/ D .V0=!/ sin !t C ½0 cos !t C [W½.t; a; Pm/=!]e

V.t/ D V0 cos!t ¡ ½0! sin !t C Wv.t; a; Pm/e (A5)

where W½.t/ and Wv.t/ are

W½.t; a; Pm/ D .a= Pm/[ f½ .t/ ¡ f½.0/ cos !t ¡ fv.0/ sin!t]

Wv .t; a; Pm/ D .a= Pm/[ fv.t/ C f½ .0/ sin !t ¡ fv.0/ cos !t ] (A6)

Expressions (A6) are the scaled distance and velocity change for
the homogeneous central gravity � eld. The last expression in Eq.
(A6), Wv , represents the change in the velocity magnitude due to
the thrust force.

Appendix B: Second-Order Solution
for Free-Flight Phase

From the � rst-order solution for the interceptor and target, we
have

rT .t/ D .VT 0=!/ sin !t C rT 0 cos !t (B1)

rI .t/ D .VI0=!/ sin !t C r I0 cos !t (B2)

For ±rT .t/ D rT .t/ ¡ rm and ±r I .t/ D r I .t/ ¡ rm , we make the
following quadratic approximation:

±r D a0 C a1t C a2t
2 (B3)

a0 D r0 ¡ rm (B4)

a1 D VT
0 r0

¯
jr0j D Vr0 (B5)

a2 D .r f ¡ r0 ¡ Vr0t f /
¯

t2
f (B6)

Using the method of undeterminedcoef� cients,we have the follow-
ing second-order solution:

½.t/ D [V0=! C Qv .t/] sin !t C [½0 C Q½.t/] cos!tk (B7)

V.t/ D [V0 C Qv.t/!] cos!t ¡ [½0 C Q½.t/]! sin !tk (B8)

where

Q½ D .3!=rm/[d¯ .0/ ¡ d¯ .t/] (B9)

Qv D .3!=rm/[d® .t/ ¡ d®.0/] (B10)

d®.t/ D
i D 2X

i D 0

¡
av

i ISCi C ar
i ICi

¢
(B11)

d¯ .t/ D
i D 2X

i D 0

¡
av

i ISi C ar
i ISCi

¢
(B12)

av
i D .ai T VI0 ¡ ai I VT 0/=! (B13)

ar
i D ai T rT 0 ¡ ai I rI 0 (B14)

IS0 D
Z

sin2!t dt D 1

!

³
!t

2
¡ sin2!t

4

´
(B15)



358 ULYBYSHEV

IC0 D
Z

cos2!t dt D
1

!

³
!t

2
C

sin 2!t

4

´
(B16)

ISC0 D 1

2

Z
sin 2!t dt D ¡ 1

4!
cos 2!t (B17)

IS I D
Z

t sin2 !t dt D 1

!2

³
!2t 2

4
¡ !t sin 2!t

4
¡ cos 2!t

8

´

(B18)

IC1 D
Z

t cos2 !t dt D 1
!2

³
!2t2

4
C !t sin 2!t

4
C cos 2!t

8

´

(B19)

ISC1 D 1

2

Z
t cos 2!t dt D 1

8!2
.sin 2!t ¡ 2!t cos2!t/ (B20)

IS2 D
Z

t 2 sin2 !t dt

D 1

!3

µ
!3t3

6
¡

³
!2t 2

4
¡ 1

8

´
sin 2!t ¡ !t cos2!t

4

¶
(B21)

IC2 D
Z

t 2 cos2 !t dt

D 1

!3

µ
!3t3

6
C

³
!2t 2

4
¡ 1

8

´
sin 2!t C !t cos 2!t

4

¶
(B22)

ISC2 D
1

2

Z
t 2 sin 2!t dt

D 1

16!3
[4!t sin 2!t ¡ .4!2t 2 ¡ 2/ cos2!t ] (B23)

Appendix C: Second-Order Solution for Boost-Phase
In a similar manner, we can use the correspondingexpression for

the boost phase of the interceptor:

rI .t/ D .VI 0=!/ sin !t C rI 0 cos!t C [W½.t/=!]e (C1)

and the following quadratic approximation of W½.t/:

W½.t/ ¼ b1t C b2t 2 .b0 ´ 0/ (C2)

Similar to Appendices A and B, the second-order solution for the
boost phase can be written as

½.t/ D [V0=! C Qv.t/] sin !t C [½0 C Q½.t/] cos !t

C f[W½.t/ C S½.t/]=!ge (C3)

V.t/ D [V0 C Qv.t/!] cos !t ¡ [½0 C Q½.t/]! sin !t

C [Wv.t/ C Sv.t/]e (C4)

where Qv.t/ and Q½.t/ are the perturbed terms of Eqs. (B9) and
(B10):

S½.t/ D .3=rm/f[c®.0/ ¡ c® .t/] sin !t C [c¯ .t/ ¡ c¯ .0/] cos!tg
(C5)

Sv .t/ D .3=rm/f[c®.0/ ¡ c® .t/] cos !t C [c¯.t/ ¡ c¯ .0/] sin !tg
(C6)

C®.t/ D S1.cos!t C !t sin !t/ C S2[2!t cos !t

C .!2t 2 ¡ 2/ sin !t ] C S3[.3!2t 2 ¡ 6/ cos !t

C .!3t 3 ¡ 6!t/ sin !t ] C S4[.4!3t 3 ¡ 24!t/ cos !t

C .!4t 4 ¡ 12!2t 2 C 24/ sin !t ] (C7)

C¯ .t/ D S1.sin !t ¡ !t cos !t/ C S2[2!t sin !t

¡ .!2t 2 ¡ 2/ cos !t ] C S3[.3!2t 2 ¡ 6/ sin !t

¡ .!3t 3 ¡ 6!t/ sin !t ] C S4[.4!3t 3 ¡ 24!t/ sin!t

C .!4t 4 ¡ 2!2t 2 C 24/ cos !t ] (C8)

S1 D aI 0b (C9)

S2 D .a I 1b1 C aI 0b2/=! (C10)

S3 D .a I 2b1 C aI 0b2/
¯

!2 (C11)

S4 D aI 2b2

¯
!3 (C12)
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